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We present a novel theoretical framework established by complex network analysis for understanding the
phase transition beyond the Landau symmetry breaking paradigm. In this paper we take a two-dimensional
metal-insulator transition driven by electron correlations for example. Passing through the transition point, we
find a hidden symmetry broken in the network space, which is invisible in real space. This symmetry is nothing
but a kind of robustness of the network to random failures. We then show that a network quantity, small-
worldness, is capable of identifying the phase transition with/without any symmetry breaking in the real space
and behaving as a new order parameter in the network space. We demonstrate that whether or not the symmetry
is broken in real space a variety of phase transitions in condensed matters can be characterized by the hidden
symmetry breaking in the weighted network, that is to say, a decline in network robustness.
PACS numbers: 64.60.aq, 64.60.A-, 71.10.Fd, 71.30.+h
I. INTRODUCTION
Phases of matter are conventionally distinguished by using
Landau’s approach, which characterizes phases in terms of
underlying symmetries that are spontaneously broken. The
information we need to understand phase transitions is en-
coded in appropriate correlation functions, e.g., the correla-
tion length would diverge close to a quantum critical point.
Particularly, the low-lying excitations and the long-distance
behavior of the correlations near the critical phase are believed
to be well described by a quantum field theory. A major prob-
lem is, however, that in some cases it is unclear how to extract
important information from the correlation functions if these
phases do not break any symmetry, such as a nonmagnetic
Mott transition [1].
Owing to the breakthrough in the control of ultracold atoms
on optical lattices, Mott’s original ideas about metal-insulator
transitions have been realized in recent years [2–4]. His bril-
liant idea is well known as the Mott transition that a metal-
insulator transition is driven by electron correlations. Al-
though Mott insulators are usually related to antiferromag-
netism, the Mott transition can also take place in the absence
of long-range magnetic order. In the past years, much progress
has been made from both theoretical and experimental sides in
understanding Mott transitions [5]. A difficulty is the absence
of the order parameter to characterize the critical behavior of
the observables for the Mott transition not accompanied by the
onset of antiferromagnetic order.
There are two earlier concepts as to what should be the or-
der parameter to describe the physics around the Mott tran-
sition point from the metallic side. One is based on the dis-
appearance of the Fermi liquid quasiparticles introduced by
Brinkman and Rice [6]. However, the Brinkman-Rice transi-
tion actually exists only in infinite dimensions. Notice that the
Mott transition still can be characterized by the charge stiff-
ness, which is the response to a twist, while no symmetry is
broken here [7]. The other concept is that the metal-insulator
transition can be viewed as a condensation of doubly occu-
pied sites (doublons), namely, the reduction of the number
of carriers in the insulating side [8]. For simplicity, we will
use the latter to study the Mott transition, and also assume
the trial wave function with only nearest-neighbor attractive
correlations between a doublon and an empty site (holon) in
variational calculations.
In this paper, we propose the weighted network constructed
by the correlation between a doublon and a holon in the two-
dimensional (2D) Hubbard model on a square lattice. Com-
plex network theory has become one of the most powerful
frameworks for understanding the network structures of many
real systems [9–13]. According to graph theory, the elements
of the system often are called nodes and the relationships be-
tween them, which a weight is associated with, are called
links. The weight of the network link contains useful informa-
tion about topologies of the weighted network [14]. Decades
ago, this unnoticed idea constructing a weighted network from
condensed matters had been proposed in quantum Hall sys-
tems [15]. However, we here define the link weight carrying
important information as doublon-holon binding correlations
in the Hubbard model.
In Fig.1, one can see the network topologies corresponding
to the metallic and insulating regimes (see the numerical de-
tails in Sec.II). The weighted network of the insulating state
exhibits that there are only few links with the strongest weight
called ”highways” in the network, which looks very differ-
ent from the metallic state. This observation reminds us of
a well-known fact in real-world networks that heterogeneous
FIG. 1: Network representations of the 2D Hubbard model at interac-
tion strength (a) U = 0 and (b) U = 12. The lattice size N = 4× 4.
The thickness of links represents the magnitude of the doublon-holon
correlation function. Color scale: Blue (Red) indicates the largest
(smallest) link weights.
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2networks are substantially more robust to random attacks or
failures than homogeneous networks [16, 17]. The robust-
ness of the network from its heterogeneity seems to indicate a
hidden symmetry in network space. More precisely, the sym-
metry describes a phenomenon that the network function and
structure almost remain unchanged or invariant under random
removal of its links. Thus it could allow us to define an order
parameter in the Mott transition by using appropriate network
measures.
The small-world network containing both strong cluster-
ing and shortest path length [18] has been considered to be
a well-established fact in many real-world networks [19–22].
Recently the small-world idea has been successfully imple-
mented in several statistical models as well [23]. In order
to quantify the small-world network, we further propose the
small-worldness as the order parameter indicating the hidden
symmetry broken in network space, which would suddenly
change while the Hubbard system undergoes a Mott transi-
tion. We find that it is able to extract the same Mott transi-
tion point obtained by conventional quantities, such as charge
stiffness. Based on this result as well as previous evidences
obtained from different models [23], we demonstrate that the
hidden symmetry related to resilience of networks can provide
us another route to identify various many-body phase transi-
tions with/without Landau symmetry breakings.
II. MODEL AND METHOD
We begin with the 2D half-filled Hubbard model on a
square lattice, which is relevant to correlated electron mate-
rials [24]:
Hˆ = Hˆt + HˆU (1)
= −
∑
〈i,j〉,σ
(
c†iσcjσ +H.c.
)
+ U
∑
i
dˆi,
where dˆi = ni↑ni↓ and niσ = c
†
iσciσ with spin σ. In the
following, we express the trial ground state in the finite system
of N sites with (anti-)periodic boundary condition along the
xˆ (yˆ) direction to satisfy the closed-shell condition.
For our numerical simulations, we use the variational
Monte Carlo (VMC) approach, which is based on the well-
known Gutzwiller wave function [25]
|ΨG〉 = PˆG|ΨFL〉, (2)
where |ΨFL〉 is the Fermi liquid and PˆG = g
∑
i
dˆi . Here
g is the parameter to adjust the number of doublons in the
system. However, it is impossible to realize the nonmagnetic
Mott transition by just using |ΨG〉. To demonstrate this transi-
tion, the simplest doublon-holon binding correlation must be
considered [8, 26],
|ΨDH〉 =
∏
i
(
1− µQˆi
)
|ΨG〉, (3)
Qˆi = dˆi
∏
δ
(
1− hˆi+δ
)
+ hˆi
∏
δ
(
1− dˆi+δ
)
. (4)
Here hˆi = (1 − ni↑)(1 − ni↓) and δ runs over the nearest
neighbors of the site i. µ is the parameter to control the num-
ber of isolated doublons and holons. If µ = 0, |ΨDH〉 will
be back to |ΨG〉 which is metallic for U < ∞. On the other
side, µ = 1, |ΨDH〉 becomes a completely doublon-holon
bound state that seems to be insulating. It has been numer-
ically proven that |ΨDH〉 is enough to describe the behavior
of the Mott transition in VMC studies, even though we still
need to consider more correlation factors to correctly capture
the transition point [27]. Thus, it is reasonable to illustrate
the occurrence of a nonmagnetic Mott transition by using the
nearest-neighbor doublon-holon bound state.
In the language of network analysis, each network of N
nodes can be described by the N × N adjacency matrix Aˆ
[9]. A number of real systems, e.g. social networks, trans-
portation networks, biological networks and so on, are better
captured by weighted networks in which links use the weight
to quantify their strengths. Here we consider lattice sites as
nodes of the weighted network of which each weighted link
between nodes i and j is expressed by the element of the ad-
jacency matrix Aˆij . The link should carry the weight contain-
ing information about the relationship between electrons in
the Hubbard system. According to the trial wave function we
use, the weight of the network link is naively defined by the
doublon-holon binding correlation. Namely, the lattice now
breaks into N single sites called nodes, and then each pair
of nodes i and j is reconnected by using the doublon-holon
correlation function given by 〈dˆihˆj〉.
Many of real networks have the property of relatively short
average path length that is a shortest route running along the
links of a network. In other words, most nodes may not be
neighbors but can reach each other by a small number of
steps. This is called small-world phenomena [28]. However,
the Erdo¨s-Re´nyi random networks showing the small-world
effect fail to reproduce some important features of real net-
works, e.g. clustering. A small-world network including not
only strong clustering but also short path length has thus been
introduced to describe real networks by Watts and Strogatz
[18]. Instead of the weighted clustering coefficient 〈c〉 [29]
and the average path length 〈d〉 [30] commonly used in net-
work analysis, an alternative measurement of the small-world
property called ”small-worldness” has been recently proposed
[31]. The definition is based on the maximal tradeoff between
high clustering and short path length. We can further define
small-worldness as
〈s〉 ≡ 〈c〉〈d〉 . (5)
One can see more details in Ref. [23]. A network with larger
〈s〉 has a higher small-world level. Since the small-worldness
simultaneously contains the information about both locality
(weighted clustering coefficient 〈c〉) and non-locality (aver-
age path length 〈d〉) in network space, we can expect that the
small-worldness is very suitable for describing the universal
critical properties, especially the phase transitions without lo-
cal order parameters. In fact, we have shown that the small-
worldness indeed can behave like an order parameter in ei-
ther continuous or topological phase transitions in our previ-
3FIG. 2: (a) The kinetic energy Et and (b) the interaction energy
EU/U of the 2D Hubbard Hamiltonian as a function of U for the
lattice size N = 16 × 16. (c) The charge structure factor Nk and
(d) the momentum distribution function nk along the nodal direction
from M (pi, pi) to Γ (0, 0) for different U .
ous works [23].
III. MOTT TRANSITION OF PHYSICAL OBSERVABLES
We now recall some facts about the nonmagnetic Mott tran-
sition arising from the doublon-holon binding effect [27]. The
short-range doublon-holon binding correlation to describe the
essence of the first-order Mott transition has been confirmed
by several VMC calculations [32, 33]. A recent VMC study
also concludes that the size of the doublon-holon bound state
in the insulating phase is not beyond the next nearest neigh-
bors [27]. This result thus motivates us to simply consider
the nearest-neighbor doublon-holon binding correlation in the
trial wave function |ΨDH〉. However, the critical issue is that
the proposals on the order parameter are still controversial
even if the metal-insulator transition is well defined. In the
following, we therefore examine several conventional physi-
cal observables to detect the critical point.
Figure 2(a) and (b) show the kinetic energy Et(≡ 〈Hˆt〉)
and the interaction energy EU/U (≡ 〈HˆU 〉/U ) which is sub-
stantially the doublon density. It is obvious that both the ki-
netic energy and the doublon density have a discontinuity at
the critical point Uc that has been indicated by the other VMC
approach (Uc = 8.575) [27]. This is a typical sign of a first-
order transition. Nevertheless, we cannot do anything but fur-
ther compute the maximum decreasing (minimum increasing)
rate of the interaction energy −∂EU∂U (the kinetic energy ∂Et∂U )
if we want to precisely know the value of Uc.
To estimate the critical point more accurately, we may need
to consider other physical quantities. First, we start the charge
density correlation function in momentum space called charge
FIG. 3: The doublon-holon correlation function Cdh(R) of the 2D
Hubbard model of lattice sizeN = 16×16 vs distancesR for various
U .
structure factor,
Nk =
1
N
∑
i,j
〈ninj〉eik·(Ri−Rj) − n2, (6)
where ni =
∑
σ niσ and n electron density. One can see that
the important information about the metal-insulator transition
is concealed in the charge structure factorNk. Within the vari-
ational theory, Nk ∝ |k| for |k| → 0 if there is no charge gap,
whereas Nk ∝ |k|2 if a charge gap opens. As illustrated in
Fig.2(c), the momentum dependence of Nk near the Γ point
abruptly changes between U = 8 and 9, which coincides with
the critical region determined above. Even so, the way to dis-
tinguish the insulating phase from the metallic phase will need
much more efforts on the interpolation between lattice points.
Then, we consider the momentum distribution function,
nk =
∑
σ〈c†kσckσ〉. According to Fermi liquid theory, the
jump of nk near the Fermi surface, namely, the quasiparti-
cle renormalization factor, can be used to identify the metal-
insulator transition. It is also in connection with the charge
stiffness. We show a clear discontinuity of nk around the
Fermi surface for small U in Fig.2(d), thus suggesting that
it is the metallic phase. As further increasing U , the jump is
evidently reduced and remains very small for large U (> 9).
The small residual value of the jump is basically due to the fi-
nite size effect. That means we need to make more endeavors
to indicate the critical point Uc estimated from the extrapola-
tion to where the jump vanishes. So far, these observables we
discuss above still cannot be thought of as the order parameter
in the Mott transition even though they are able to distinguish
the metallic and insulating phases.
IV. NETWORK ANALYSIS
In general, if a system shows the conventional long-range
order, like ferromagnetism or superconductivity, the corre-
sponding correlation function will be nonzero at its tail that
can be used to define the order parameter. Otherwise, the cor-
relation function would decay to zero at long distance for a
4system does not break any symmetry. Here we would conjec-
ture that it is impossible to find the order parameter derived
from the doublon-holon correlation function because of un-
broken symmetry in the nonmagnetic Mott transition. In what
follows we shall illustrate a symmetry breaking unseen in real
space.
From the doublon-holon binding effect leading to the non-
magnetic Mott transition we can reasonably infer that the cor-
relation between a doublon and a holon provides a sufficient
amount of data about the critical point Uc. We define the
doublon-holon correlation function as follows,
Cdh(R) =
1
N
∑
i
〈dˆihˆi+R〉. (7)
In Fig.3, we show how the doublon-holon correlation func-
tion changes as the Mott transition occurs. For U = 0, the
Fermi-liquid ground state would not present unusual relation-
ship between a doublon and a holon. As increasing U , a dou-
blon starts to attract one holon at the nearest-neighbor site so
that the doublon-holon correlation function slowly enhances
only at R = 1. When U > Uc, Cdh(R) rapidly increases at
R = 1 as well as Cdh(R = 1)  Cdh(R 6= 1) since the
doublon-holon bound state begins to develop in the insulating
phase. A key observation from Fig.3 is that while the system
enters the insulating regime, the short-range parts (R < 2)
of the doublon-holon correlation function immediately decay
with distances but the long-range parts still remain similar to
the metallic phase. In order to search a possible order param-
eter in network space, we will take advantage of this property
of which the correlation function behaves differently for small
and large U .
We now investigate how the network techniques perform in
the face of the metal-insulator transition. Based on the ob-
servation on the doublon-holon correlation, a straightforward
definition for the elements of the adjacency matrix Aˆij is the
magnitude of the normalized doublon-holon correlation func-
tion between the lattice sites i and j,
Aˆij =
|〈dˆihˆj〉|
max(|〈dˆihˆj〉|)
. (8)
The complex topology of the weighted network extracted
from Aˆij has been shown in Fig.1 for the small lattice. Ob-
viously, the weight of network links exhibits different distri-
butions for the metallic and insulating phases even though all
nodes in the network are completely connected. It would be
just a trivial complete network if the network were binary.
Next, we need to collect useful information from a large vol-
ume of network data.
In our previous studies [23], we have confirmed that the
small-worldness 〈s〉 defined in Eq.(5) has the ability to detect
the second-order and topological phase transitions. Here we
further examine the feasibility of the small-worldness in the
first-order phase transition without any symmetry breaking.
In Fig.4(a), we illustrate the critical behavior of the small-
worldness in the 2D Hubbard model. One can see that the
U−dependence of the small-worldness behaves like an or-
der parameter and drops down to almost zero near the critical
FIG. 4: (a) Small-worldness 〈s〉 of the 2D Hubbard model as a func-
tion of U for N = 16 × 16. The inset shows the magnification
near the critical point and includes the data points in a larger lattice
system (N = 20 × 20). (b) The probability distribution of the link
weight W for different U . The bin size is chosen as 0.01 for clear
demonstrations. The lattice size N = 16× 16.
point Uc in the finite system of size N = 16× 16. In the inset
of Fig.4(a), we find that the critical point is indicated by the
sudden reduction of 〈s〉 at Uc, in agreement with those results
obtained above and in Ref. [27]. Notice that in a larger lattice
of size N = 20× 20 the small-worldness for U > Uc(∼ 8.9)
is further reduced to zero. However, it is rather difficult to es-
timate Uc by using finite-size calculations since the Mott crit-
ical value of the doublon-holon binding state would become
larger as increasing lattice size. In any case, this agreement
convinces us that the small-worldness can be used as another
quantity to characterize the nonmagnetic Mott transition in-
stead of the charge stiffness.
To understand this result, we need to show how the weight
distribution of network links enables the complex weighted
network to illustrate the Mott transition. Fig.4(b) shows that
the weights of network links display two bounded distribu-
tions with the asymmetric bimodal shape. The bimodal shape
is an artifact, directly associated with the broken C4 rota-
tional symmetry by anti-periodic boundary condition along
the yˆ direction. At U = 0, few links have the strongest
weight (W ∼ 1) from which the weights for most links are
not far away (W ∼ 0.75). Thus, if we were to ignore the
bimodal shape for the time being, the weighted network for
U = 0 would exhibit the homogeneous distribution around
W = 1, corresponding to the strongest small-world network
whose most links resemble the highway in road networks.
As further increasing U , the weights for most links begin
to move away from the largest weight (W = 1) and hence
the distributions become more heterogeneous, leading to the
reduction of the small-worldness as shown in Fig.4(a). When
U > Uc, most links have very small weights (W ∼ 0) and
few links with the stronger weights (W ∼ 0.9) show the
broad distribution. The phenomena that most links belong to
slow traffic lanes would result in almost zero small-worldness
(weak clustering and long path). The same reasoning from
the weight distribution of network links could be also applied
to other many-body systems without local order parameters in
real space. Hence this result strongly suggests that the small-
worldness can be considered as a new order parameter in the
network representation to capture the nonmagnetic Mott tran-
sition.
We have to mention a point now in passing. In the network
5TABLE I: Examples of symmetry breakings and their corresponding order parameters.
Normal phase Condensed phase Broken symmetry Order parameter
Paramagnet Ferromagnet Spin rotation Magnetization
Metal Superconductor Global gauge Pair condensate
Heterogeneous network Homogeneous network Network robustness Small-worldness
representation, there exists a kind of hidden symmetry corre-
sponding to the heterogeneous network with a broad weight
distribution. This symmetry is related to the robustness of the
network that is resilient to random attacks or failures [17].
The heterogeneity of network links implies that the weighted
network is much more robust against attacks than the homoge-
neous networks, giving rise to the higher symmetry in network
space. Conversely, the homogeneity of network links means
that the weighted network becomes fragile to random attacks,
and thus breaks the hidden symmetry. The hidden symmetry
breaking is in analogy with typical examples of spontaneous
symmetry breakings in condensed matter physics, such as the
ferromagnet or superconductor (see the comparison in Table
I). Therefore, we demonstrate that the small-worldness car-
rying the messages about both locality (clustering) and non-
locality (path length) is able to represent the order parameter
describing the hidden symmetry broken in network space.
V. CONCLUSION
In this work we have addressed how to read useful informa-
tion from the doublon-holon correlation function to identify
the nonmagnetic Mott critical point by using complex network
analysis. We have compared several conventional observables
describing the Mott transition, and yet none of them can be
formally treated as the order parameter. In the 2D Hubbard
model, we have illustrated that one of many network mea-
sures, small-worldness, plays a significant role as a general or-
der parameter concealed in network space. The critical point
Uc extracted from the small-worldness is very close to the one
obtained from other physical observables. Thus, it is antic-
ipated that the small-worldness can be applied to the many-
body systems beyond Landau symmetry-breaking theory.
The broadening of the weight distribution of network links
across the critical point is responsible for the change of the
small-worldness, which is analogous to the change of the
speed limit on a road network from the highway to the slow
lane. The phenomenon that the structure of the weighted net-
work varies from heterogeneity to homogeneity implies a hid-
den symmetry broken−or, to put it another way, the reduction
of the robustness to random attacks in the network space. We
have confirmed that the broken symmetry can be successfully
described by the small-worldness. The most important find-
ing in this work is the hidden symmetry breaking in network
space, namely, the reduction of network resilience, which has
been listed in Table I.
The weight distribution of network links is able to uncover
a wealth of complex topological information underneath cor-
relation functions, and further comprehends the mechanism
of the phase transition with/without any order parameter in
real space. We propose that the small-worldness determined
from various weighted networks could be a valuable tool to
investigate quantum phase transitions. The finding has been
corroborated by our previous results in the 1D quantum Ising
and 2D classical XY models [23]. As a result, plus the ev-
idence given in the 2D Hubbard model, one may conjecture
that generally the point of view coming from complex net-
work topology can be a vital component in studying the phase
transitions in condensed matter physics.
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